Knowing the volume fraction of a minor phase in a composite material is important for characterizing its mechanical properties. Assuming that a rod-like phase with a constant diameter is aligned but dispersed randomly in a matrix, a mathematical model for estimating the volume fraction of a rod-like phase has been developed. This model predicts how many rods are required for an accurate estimation of volume fraction. One of the effective features of this model is that the real dimensions do not need to be considered due to the similarity of their shape. According to this model, it is sufficient to measure the area that includes at least 20 rods to estimate an accurate value for volume fraction. This prediction was confirmed by measuring a unidirectionally solidified Sn-Cu eutectic alloy system.
Introduction
In the case of in-situ composite materials, the volume fraction of both phases are very important. In particular, the volume fraction of the rod phase, which is usually the reinforced phase, is critical for controlling the mechanical properties of the composite material. Therefore, it is vital to quantitatively estimate the volume fraction of the rod phase.
Some of the rod or fibrous eutectic alloy systems, such as Ni-Al and W-Ni systems, are considered available for use in in-situ composite materials.
15) These alloys are usually solidified unidirectionally, and these composite materials are designed for use as bars or ribs. In these alloys, the volume fractions of minor phases are also important for improving the composite material's mechanical properties. Under equilibrium conditions, the volume fraction of one phase can be determined from the equilibrium phase diagram. However, it is known that a coupled zone exists in eutectic systems. 6) Thus, it is possible to obtain a complete eutectic structure even with an off-eutectic composition. In this case, the volume fraction of one phase may not be equal to the equilibrium phase diagram's estimation, and it can be modified to some extent by changing the solidification conditions.
Since the rod phase is continuous to some extent, it is favorable to use the horizontal cross section respective to the growth direction to estimate the rod phase volume fraction. It is evident that characterizing this cross section becomes more accurate when the area used for analysis is increased. However, it is an expensive and time-consuming process to analyze wide areas. Thus, it is preferable to reduce the area used for characterization. In order to find a compromise between these two incompatible demands, the characterization area should be optimized as large enough for precision, but sufficiently small to minimize time consumption.
Some studies have characterized the metallographic structure, 79) such as grain size and spacing. For example, in order to measure the grain size, the areal analysis is usually adopted. Sum of grain area will be divided by the grain numbers and the equivalent circle diameter can be calculated. Even in this case, it is not necessarily clear how many grains are required to obtain the statistically reasonable value. There has been no research work to deal with this problem not only for a single phase material but also for a composite material, as far as the present authors know. Therefore, a quantitative analysis to characterize the rod phase volume fraction in a composite material or eutectic alloy has been performed using a numerical model and verified experimentally.
Method for Characterization of Composite Structure

Example of an in-situ composite
The Sn-Cu 6 Sn 5 eutectic alloy is considered as an example of in-situ composite materials. A typical eutectic solidified structure, observed in the horizontal cross section is shown in Fig. 1 . This structure will be explained in detail in Section 3. The cross section of the eutectic Cu 6 Sn 5 is circle-like, and it is dispersed within a matrix of eutectic ¢-Sn.
Since the rods of the eutectic Cu 6 Sn 5 did not grow completely parallel to the direction of heat flow, or the observation plane was not fully perpendicular to the direction of heat flow, the side walls of the eutectic Cu 6 Sn 5 can be observed. The brightness of the eutectic Cu 6 Sn 5 is quite different from that of the matrix eutectic ¢-Sn, making it easy to differentiate the two. However, the cross section brightness and the sidewalls of the eutectic Cu 6 Sn 5 are very similar. Consequently, it is difficult to determine a threshold line between the cross section and sidewalls when directly utilizing an image analyzer. In order to measure the eutectic Cu 6 Sn 5 cross section area, the eutectic Cu 6 Sn 5 were carefully traced by hand and then their cross section areas were measured by the image analyzer.
As shown in Fig. 1 , the arrangement of the eutectic Cu 6 Sn 5 is complex, i.e., the eutectic Cu 6 Sn 5 array is not hexagonal or square in shape. Therefore, this ordering is considered random, as noted by Grugel and Brush. 10) 
Simulation model
The mathematical model for estimating the minor and rod phase volume fractions has been developed in this study. For the first step, the diameter of the rods is assumed constant and here the rods are randomly dispersed in a matrix.
Modeling the dispersed phase
In order to obtain the relationship between the diameter and volume fraction of minor and rod phase, the area for one rod phase should be calculated at a first step. There are some ways to divide a plane regularly, such as square and hexagonal. Since the simplest way is square, the array of rod phase is basically square.
Let the average inter-rod spacing be e ; assuming that the array of rods is square, one rod of the eutectic Cu 6 Sn 5 is expected to exist in a square of e © e . Thus, the volume fraction of eutectic Cu 6 Sn 5 (f ECu 6 Sn 5 ) can be obtained by the following eq. (1):
Where d is the diameter of the eutectic Cu 6 Sn 5 . In addition, the eutectic Cu 6 Sn 5 's volume fraction under equilibrium conditions can be calculated using an equilibrium phase diagram and the densities of both phases. 11, 12) For the Sn-Cu alloy system, the equilibrium volume fraction of the eutectic Cu 6 Sn 5 is 2.05%. Thus, d can be obtained as a function of e and f ECu 6 Sn 5 .
As a result of their similarity in shape, the actual lengths of e and d do not have to be determined in this model. It is only necessary to decide the ratio between e and d. When the f ECu 6 Sn 5 is 2.05%, e /d is calculated as 6.19.
Volume fraction measurement
Since the relationship between the diameter and volume fraction of rod phase is determined in the previous section, rods will be dispersed in a sample. As the cross section of a rod is a circle, there are circles distributed randomly within a measurement area. In this model, 100 circles with a constant diameter were distributed in a 10 e © 10 e zone, which may be a fairly large number of rods and a large area for measuring the volume fraction. The xy-coordinates of the circles' centers are decided by a pair of random numbers.
Subsequently, L 1 © L 2 , which is a relatively smaller zone, is allocated for measuring the volume fraction.
A concept of this model is shown in Fig. 2 . The L 1 © L 2 rectangle is the area used to measure the rod phase volume fraction. In this example, there are three full circles in the measurement zone, named #1#3, and two partial circles, named #4 and #5, in the L 1 © L 2 zone. Here, the area of the partial circles is defined as 0.5 of the total circle area, regardless of its actual area. It is then possible to calculate the area of the circles, which are indicated by the shaded region. The ratio between the circles' area and L 1 © L 2 is then obtained by the following eq. (2), with this ratio being the volume fraction of the rod (minor) phase ( f ).
Changing the position of this measurement rectangle, the volume fraction of the rod phase was then calculated. After this, the measurement area was changed and similar calculations were replicated. For a statistical analysis, the average values and standard deviations of the volume fractions were characterized as a function of observation area (= A), which is L 1 © L 2 . The calculations were performed at least 20 times for the same conditions, with the results shown in Fig. 3 . Here, the area was normalized by e 2 to facilitate the comparison with the experimental data and A/ e 2 is called the normalized area ratio in this study. The average value of the volume fraction was found to be about 2%, independent of the area used for measurement. Furthermore, this indicates that the average value represents the population, for example, even when A/ e 2 is small. However, the standard deviation increased when the measurement area decreased. Thus, in order to obtain an accurate value it is necessary to increase the analysis area, i.e., the numbers of circles counted should be increased. In this analysis, it can be concluded that one sample may be representative of the population, when A/ e 2 is 20 to 50.
Experimental Results with Changing Measurement Area
A Sn-1.15 mass% Cu alloy was prepared from pure Sn and Cu, the purity of which were 4N. This alloy was then unidirectionally solidified using a Bridgman-type apparatus, which was home-built. The principal part of this apparatus is shown in Fig. 4 . The growth velocity was 55.6 µm/s. The horizontal cross section of this solidified structure was then observed by field emission-scanning electron microscopy (FE-SEM) after being deeply etched by a dilute aqua regia solution. The cross section of this eutectic structure is shown in Fig. 1 . In order to evaluate the area necessary for observation, the volume fraction of this eutectic Cu 6 Sn 5 was characterized by changing the measurement area. In this observation, the volume fraction measurements of the eutectic Cu 6 Sn 5 were performed ten times, changing the measurement area position each time. Here, the area of the partial rods as well as the full rods was characterized by the image processor. The measurement results are shown in Fig. 5 . The measured value of the volume fraction approached a constant value with increasing measurement area. Furthermore, the standard deviation decreased as the measuring area was increased. In this condition, an area of 50 µm 2 or greater was determined to be sufficiently large for the accurate measurement of volume fraction. Strictly speaking, the volume fraction of the eutectic Cu 6 Sn 5 was affected by the copper content and growth velocity, rather than coinciding with the value estimated from the equilibrium phase diagram. This is discussed in a related article.
13) The volume fraction of the eutectic Cu 6 Sn 5 obtained in a Sn-1.15 mass% Cu alloy eutectic structure at a growth velocity of 55.6 µm/s was 3.02%.
Discussion
Comparison between the model and experimental
results In order to compare the model to the experimental results, the volume fraction of the model's rod phase was changed to the empirical value, 3.02%. Assuming that the array of eutectic Cu 6 Sn 5 rods was square, the average spacing of the eutectic Cu 6 Sn 5 ( e ) was determined as 1.9 µm from Fig. 1 . The measurement area was then normalized by e 2 and the result was compared with the simulation model in Fig. 6 . The experimental data decreased, approaching 3.02%, as described in Section 3. In comparison, the average values obtained by the model were nearly constant as the normalized area increased. The standard deviations of both decreased with increasing A/ e 2 . When the value of A/ e 2 is low, the average value of the experimental data is larger than the accurate value. On the other hand, the average result of the model analysis is slightly lower than the accurate value. Furthermore, the standard deviation in the model appears to be larger than that of the experimental data. The reason for these differences is uncertain at the moment. Nevertheless, what is important is that the average values of the experimental data and the model analysis gradually approach the accurate value. Furthermore, the standard deviation decreased with increasing A/ e 2 . As a result, it was found that the experimental results were in agreement with the model calculation results. In this present study, the relation between the diameter and volume fraction was calculated assuming the basic rod's array to be square. If the other array is assumed, the model calculation results may be changed. However, since the difference is only 7% at most, the conclusions obtained would not be altered.
Number of rods necessary for characterization
It is important to standardize the evaluation method to accurately measure the volume fraction of the minor phase. As discussed in section 4.1, when the value of the normalized area ratio exceeds 20, it can be safely stated that the minor phase volume fraction can be accurately measured. In other words, it is sufficient if an area containing more than 20 rods is selected to make an accurate measurement of the minor and rod-like phase volume fraction.
Conclusions
The method for estimating the volume fraction of the minor and rod-like phase, dispersed randomly in a composite material, has been analyzed. A newly developed mathematical model was used, with its calculated results compared to a solidified structure, which was a unidirectionally solidified Sn-Cu alloy. The following points were obtained.
(1) The estimated volume fraction reached a unique value as the characterization area increased. Furthermore, the standard deviation decreased with increasing area. (2) The tendencies found in the model analysis were in agreement with the experimental results. (3) It is necessary to include 20 rods or more in the measurement area to precisely characterize the volume fraction of the minor and rod phase.
